Noting the structural relationships between phases of carbon and boron carbide with phases of boron nitride and boron subnitride, we investigate their mutual solubilities using a combination of first principles total energies supplemented with statistical mechanics to address finite temperatures. Owing to large energy costs of substitution, we find the mutual solubilities of the ultra hard materials diamond and cubic boron nitride are negligible, and the same for the quasi-two dimensional materials graphite and hexagonal boron nitride. In contrast, we find a continuous range of solubility connecting boron carbide to boron subnitride at elevated temperatures. The electron precise compound B 13 CN consisting of B 12 icosahedra with NBC chains is found to be stable at all temperatures up to melting. It exhibits an order-disorder transition in the orientation of NBC chains at approximately T=500K.
FIG. 1. Cutaway view of idealized boron carbide structure. The primitive cell is a rhombohedron with a B 12 icosahedron on each vertex and a three-atom CBC chain along the rhombohedral axis.
Intericosahedral bonds along rhombohedron edges connect boron atoms at polar sites. Boron atoms at equatorial sites bond to the chain carbon atoms. Icosahedra at two vertices have been removed for visual clarity.
refinement claims the structure is B 12 .NBN, with all sites fully occupied 4 .
Binary C-N compounds such as C 3 N 4 and C 11 N 4 have been proposed theoretically 25, 26 on the basis of isoelectronic substitutions of nitrogen and vacancies. Cubic variants are expected to be super-hard, like diamond, while graphitic variants are expected to be energetically more stable 27, 28 . While cubic forms have been produced mostly in thin film or nanocrystalline forms 29 , macroscopic flakes of graphitic carbon nitride have recently been produced 30 .
C. Boron Carbon Nitrogen ternary
No stable compounds have been reported in the B-C-N ternary system. However, variants of diamond/c-BN such as BC 2 N and BC 4 N have been suggested theoretically 31-33 or synthesized experimentally 34, 35 at high temperatures and pressures. Among layered and 2D materials there is controversy over whether C can substitute into h-BN, and vice-versa. Some reports find that C and h-BN segregate 36 , whereas others report B-C-N ternary alloys [37] [38] [39] .
II. METHODS

A. First Principles Enthalpies
We use VASP [40] [41] [42] [43] -PAW 44, 45 to calculate total energies within the PBE 46 density functional approximation. Internal coordinates and lattice parameters are fully relaxed, and the k-point mesh density is increased until energies converge to within 1 meV/atom. We keep the plane wave energy cutoff at 400 eV for all structures, and employ a Fermi level smearing of 0.2 eV, except for elemental N, which requires 0.05 eV. Periodic boundary conditions are utilized in all cases.
Relaxed total energy E is the enthalpy at T=0K and P=0. For calculations under pressure, we take H = E + P V . Usually we consider the enthalpy of formation, ∆H, defined as the enthalpy per atom relative to a tie-line or tie-plane connecting the enthalpies of pure elements in their stable forms. Given a set of compositions and enthalpies of plausible structures, the convex hull of this set predicts the T=0K phase diagram. Specifically, convex hull vertices predict the pure phases, while tie-lines or tie-planes connecting the vertices correspond to coexistence of pure phases. We also define the relative enthalpy of formation for metastable structures, ∆∆H, which is the enthalpy relative to the convex hull at the same composition. Fig. 2 illustrates our predicted convex hull for B-C-N. and similar structures, 6 of the external bonding orbitals (those on the polar sites) combine in pairs to form 3 inter-icosahedral (ii) bonds per cell. The remaining 6 (those on the equatorial sites) connect to chains running along the rhombohedral cell axis, creating 6 ic bonds.
These chains potentially provide additional electrons to resolve the electron deficiency, but as illustrated in Fig. 3 , this depends on the number of electrons needed for intra-chain (cc) bonds.
Consider, first, the three-atom CBC chain that occurs in B 12 .CBC. Each C atom has 4 valence electrons, 3 of which enter into bonds with equatorial atoms of the icosahedron with the remaining electron entering a bond to the chain-center boron. The chain center boron has 3 valence electrons, only 2 of which are needed to bond with the neighboring carbon atoms, leaving a surplus of 1 electron. Recalling that the icosahedron has a deficiency of 2, we see that B 12 .CBC remains short by 1 electron. This is why substitution of carbon on an icosahedral site is preferred, leading to the energetically favorable electron precise structure B 11 C.CBC (i.e. B 4 C). Alternatively, the structure B 12 .NBC provides the needed extra electron. However, B 12 .NBN has an excess electron that must enter an energetically costly antibonding state.
Now consider the two-atom chains such as occur in B 12 .PP. Each P has 5 valence electrons (shaded in dark blue). Of these five, 3 enter into bonds with equatorial atoms of the icosahedron and 1 enters into the shared PP bond, leaving a surplus of 1 for each P atom.
The net excess of 2 electrons resolves the electron deficiency of the icosahedron so that
PP is electron precise. The same is true for valence 5 arsenic in B 12 .AsAs.
Although N is also valence 5, the N atoms are too small to directly bond. Rather, each N atom places 2 electrons into a lone pair. We denote the structure as B 12 .N-N, where the "-"
indicates the N atoms in the chain are bonded to a vacancy instead of each other. Together with the three ic bonds, all 5 valence electrons are utilized, so the chain provides no electrons to resolve the electron deficiency. In contrast, boron suboxide, B 12 .O-O is electron precise, because each oxygen provides 6 electrons.
We are not aware of any structures containing B 12 icosahedra with single-atom chains.
Electron counting would require either a noble gas atom or a valence 8 metal. The extreme limit, α-boron, lacks any chain at all. Here, again, 6 of the external orbitals form 3 ii bonds utilizing 6 electrons. The B 12 icosahedron thus has 36-26-6=4 electrons remaining but has 6 external bonding orbitals unfilled. α-boron resolves this by forming a pair of two-electron three-center (2e3c) bonds among the 6 equatorial atoms, and hence is electron precise. 
C. Statistical Thermodynamics
Thermodynamic properties can be evaluated from the partition function
where the E i are a set of configurational energies and W i are their multiplicities. Here we consider only discrete configurational degrees of freedom such as chemical substitution and we neglect atomic vibrations. From the partition function, we obtain the free energy
and heat capacity
The complete set of configurations distributing B, C and N atoms on hR15 is too large to be thoroughly sampled. Out mixture method generates a small subset of all the possible structures. We consider all possible chain disorder, but neglect disorder of polar carbons 17 in B 11 C icosahedra. Thus only a limited set of structures are studied, but these are all from a consistent family and we expect the entropies of the polar carbons will approximately cancel out of relative free energies of differing chain types.
III. RESULTS
We present our results first for the individual binary combinations, B-C, B-N and C-N, (i.e. no BBC or other chain types), and only B 12 or B 11 C icosahedra in a 2x2x2 supercell.
Furthermore, in the B 11 C icosahedra the carbon always occupies the same polar site. In other words, each structure is a mixture of perfect B 12 .CBC cells and identically aligned B 11 C.CBC cells. We neglect orientational disorder because we wish to focus on compositional effects.
Orientational effects have been previously analyzed 17, 18 and would have a quantitative but not qualitative impact on our further discussion. plots the heat capacity C (Eq. (3)) and the dielectric susceptibility
Evidently an order-disorder transition occurs in the vicinity of T=500K, so if the compound were synthesized at high temperature it would exhibit the full symmetry group R3m. Modeling the free energy G = H − T S requires estimating both the enthalpy and the entropy as functions both of composition and temperature. We first address the enthalpy, which we shall measure relative to competing ground states, defining ∆∆H. In the present case the competing structures are the ternary ground state B 12 .NBC, and the binary of composition B 12.67 N 2 . However, as shown in Fig. 5 the ground state at this composition is a mixture of two competing binaries, B 50 C 2 , and h-BN, so we take the tie-line enthalpy as our reference. We formed 2x2x2 supercells containing a fraction x of NB 0.67 N chains and a 2) we can evaluate the temperature-dependent mean enthalpy ∆∆H(x, T ) at x = 0, 1/3 and x = 1. We fit these to a quadratic function of x
yielding temperature-dependent coefficients u(T ), v(T ) and w(T ). As a test of our fit, we compare the parabola with randomly selected ∆∆H values at x = 2/3. The 2x2x2 supercell contains too many structures at x = 2/3 to apply the statistical mechanical method as we did at the other values of x. 
Here Ω 0 = Ω 0 (T ) = e S 0 (T )/k B represents the number of microstates per B 12 .NBC primitive cell arising from the NBC chain orientations and S 0 is entropy per B 12 .NBC primitive cell obtained through the partition function approach as described in Section III E.
Free energy curves at various temperatures are shown in Fig 8a. Lack of convexity at low temperatures produces miscibility gaps that we determine via the double-tangent construction. Below T=847K, the convex hull consists of a narrow interval of stable ternary close to x = 0, then jumps to the B-N binary ground state. Above T=847K, a second interval of stable ternary opens close to x = 1. At T=920K, ∆∆G vanishes at x = 1, and the second interval of stable ternary extends all the way to x = 1. Finally, at T=1355K, ∆∆G becomes fully convex, and the ternary extends over the entire interval x = 0 to x = 1. 
Given the free energy per atom inside the B 13 C 2 -B 4 C-B 12 .NBC triangle region, we determine the solubility ranges as functions of temperature as illustrated in Fig 9. Blue points show solubility ranges and the empty regions reveal miscibility gaps. Note that the miscibility gap within the B-C binary persists to temperatures above 1000K, contrary to an earlier more accurate estimate of miscibility above 600K 14 , because here we neglect the configurational entropy of polar carbons. Miscibility is complete throughout the entire triangle above 2423K.
IV. CONCLUSIONS
We explore the B-C-N ternary phase diagram using first principles total energy calculations coupled with statistical mechanics. A number of plausible approximations are made to simplify the task: vibrational free energies are neglected as these will nearly cancel among similar structures at different compositions; disorder of polar carbons is neglected, again assuming approximate cancelation; free energies are constructed in the spirit of regular solution models, with quadratic composition dependence of enthalpies and ideal entropies of mixing.
The striking new result is our prediction of an ordered ternary B 13 CN similar in structure to boron carbide with B 12 icosahedra and NBC chains that is predicted to be stable at all temperatures below melting. At elevated temperatures this structure joins into a solid solution that covers a triangular area within the ternary phase diagram extending to binary boron carbide, and along a line extending to boron subnitride. Additionally, we refine the stoichiometry of boron subnitride, proposing an ideal composition of B 12.67 N 2 . That is, B 12 icosahedra with a 2:1 mixture of NBN and N-N chains.
Our search for stable layered 2D ternaries and ultrahard ternaries was unsuccessful, as the predicted energy costs of chemical substitution proved prohibitive in thermal equilibrium at ambient pressures.
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